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We compute the emission of closed string radiation from homogeneous rolling 
tachyons. For an unstable decaying Dp-brane the radiated energy is infinite to leading 
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1. Introduction 



A Dp-brane in Bosonic string theory is unstable due to the presence of an open string 
tachyon in its spectrum. If we displace the tachyon away from the maximum it will start 
rolling down the potential toward the minimum, which is the closed string vacuum Jl]|. It 
is of great interest to understand the "real time" behavior of this process [PrFfll- For one 
thing, exact time-dependent solutions in string theory are hard to come by and studying 
them should yield important insights into the fundamental structure of the theory. We 
would also like to understand the final state an unstable D-brane decays into. 

Analysis by Sen at the classical level in open string theory has yielded some inter- 
esting surprises [|3|||. It was found that the late time evolution of the tachyon leads to a 
pressureless fluid, called "tachyon matter" (see however ||15|| ). Tachyon matter therefore 
seems to be a new and unexpected degree of freedom. Hence it is natural to understand 
the precise nature of tachyon matter and in particular to take into account the open and 
closed strings created by the decay process. In |8|,|lT| quantum creation of open strings was 
computed and it was argued that this effect would destabilize the classical solution (see 
also 0). 

In this paper we are interested in computing the creation of closed string modes from 
the rolling tachyon process. Radiation produced by the rolling tachyon has been discussed 
previously in [|13| , |14}1 for the massless closed string modes. In addition supergravity so- 
lutions with rolling tachyon sources were discussed in |2^,^3|. We will extend this to all 



massive closed string modes. In [19, 7, 13] it was observed that the "rolling tachyon" bound- 
ary state contains exponentially increasing couplings to massive closed string modes and 
it was suggested in ]T^,|n[ that these will lead to pathelogical behaviour. However we will 
see that these couplings are not relevant for the creation of on-shell physical modes. We 
find that the emission into on-shell physical closed string modes is finite for each level. 
When we sum over all levels we find a divergence in the emitted energy for p < 2 (similar 
conclusion has also been reached in ||24|1 )- We also find a divergence if p > 2 and the 
worldvolume of the brane is compact with a size comparable to the string scale. The p = 
case is particularly interesting since the computation suggests that all the energy of the 
initial brane is transfered into closed string modes. The p > 3 case is particularly relevant 
for applications to brane world cosmo logical models. 

It turns out that the precise closed string states that are emitted from the brane depend 
on the physical interpretation of the Sen's solution. We discuss two possible interpretations. 
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The first is the one implicitly advocated in [|3],|]J^] where one thinks of a tachyon field coming 
up from its true minimum to a point close to the local maximum associated to the unstable 
D-brane and then back to its true minimum. The second interpretation of the solution 
is more closely related to the Euclidean computations. Here we cut the Euclidean path 
integral at t = and paste it to the Lorentzian path integral. In this way the Euclidean 
path integral is viewed as a prescription for setting up initial conditions at t = 0. The 
subsequent Lorentzian evolution is the one resulting from these initial conditions. In 
this interpretation the Euclidean computations are more directly related to the Lorentzian 
ones. In this case the closed string radiation that comes out of a decaying brane is basically 
identical to the state at t = of the Euclidean path integral with some D-instantons added 
at a critical Euclidean distance from the t = plane. 

In section 2 we review Sen's description of the boundary state and compute the closed 
string radiation. In section 3 we explain that the closed string states can be viewed as being 
produced by D-instantons that are sitting at a critical distance in the Euclidean direction. 



Section three has some overlap with the discussion in ||25|| . In section 4 we describe some 
attempts at computing the backreaction. We have included a few Appendices. In Appendix 
A we give a second quantized description of various formulae given in the main text. In 
Appendix B we describe an effective field theory model for the closed string creation 
following the discussion of 0. In Appendix C, as a warmup for the backreaction question, 
we discuss a simple example of the problem of finding the deformation of a boundary state 
due to a closed string deformation of the background. 



2. Closed string emission from a rolling tachyon 

2.1. Review of Sen's computation 

The decay of a Bosonic D-brane was described in 0] as a boundary conformal field 
theory which is the usual non-decaying D-brane plus a boundary interaction of the form 

S bdy = [ drXcoshX (r) , (2.1) 

where we have set the boundary of the worldsheet at a = and we have set a' = 1. 
This tachyon profile is interpreted as a configuration where the tachyon comes up from the 
minimum associated with the closed string vacuum, gets closest to zero at t = and then 
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rolls back. Other authors H,10,ll] have also discussed a seemingly more realistic process 



where we have a boundary interaction of the form 

St£ f = I o dr\e x °^K (2.2) 

that describes the unstable brane at early times which then decays. We will call ( |2.1|) the 
full-S-brane and ( |2.2|) the half-S-brane. 

The boundary state for a Dp-brane with boundary interaction ( |2.1|)(|2~T2"D takes the 

form 

\B)=N p \B) x0 ®\B) jt ®\B) bc , (2.3) 
where the normalization constant 

^ p = n^(2nf-P , (2.4) 

is the same as that for a non-decaying Dp-brane (corresponding to A = 0). \B)jt and |-B)& C 
are the usual boundary states for the spatial and ghost part of a flat Dp-brane. \B) x o, 
which describes the dynamics of the rolling tachyon, has the form 

\B) x o = p(X°) |0> + a(X°) a° A |0> + • ■ ■ (2.5) 



where ■ ■ • denotes higher oscillation modes. The functions p, a are given by P,|10 
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Pfuii(t) = ^—H - — --1, A = sin7rA 

1 + Ae* 1 + Ae~* (2.6) 

o~full(t) = cos2ttA + 1 - pfuii{t) 

Phalf(t) = , X = 2tv\ 

1 + Ae* (2.7) 

<7half(t) = 2 - Phalf(t) 

for the full-brane and half-brane respectively. 

Some essential aspects of the boundary state ( |2.3| ) can be summarized as fol- 
lows 110,0: 



1. If A < the system becomes singular at a finite value of t, as can be seen from 

( |2.7|) . This is interpreted as due to the fact that the potential is unbounded from 
below in Bosonic string theory and the tachyon can run off on the "wrong side" , i. e. 
away from the closed string vacuum. This does not occur in the more realistic case of 
the superstring. In this paper we restrict to A > 0. 
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2. For the half-brane A is not a parameter, it can be set to 1 by a time translation. The 
full-brane system is periodic in A and it can be restricted to lie between < A < \. 
The half-brane can be obtained from the full-brane as a limit of A — > along with a 
time translation. 

3. For the full-brane, at A = |, the boundary state vanishes identically for real values 
of time. This can be interpreted as saying that the system sits at the closed string 
vacuum. For A lying between and h, the larger the value, the further away the 
turning point is from the top of the tachyon potential. 

4. During the rolling process the energy is conserved and the stress tensor of the system 
can be written as 

T 00 = \T P {p{t) + a(t)) , Tij = -T p p(t)Sij , (2.8) 

where i,j denote spatial directions of the worldvolume and all other components of 
the stress tensor vanish. In (|2.8| ) T p is the tension of a Dp-brane and p, a are given 
by (|23)-(|3). It follows from O-^) that as t -> oo, Ty -> 0, i.e. the system 
becomes pressureless. 

5. The formula for p(t) can be obtained^ from an effective field theory model |26|,[27| for 
the tachyon with the action S = —T p J V(T) ^— det(?y Ml , + d^Td v T) with the potential 

V(T) = , (2.9) 

cosh -2 



as we detail in appendix B, see also | j?2"| , pB| , |2l| P9" . 

2.2. Closed string radiation 

A D-brane acts as a source for closed string modes. With a rolling tachyon the D-brane 
becomes a time- dependent source. Thus generically there will be closed string creation from 
the rolling process. If we ignore the interactions between closed strings, the question then 
reduces to the familiar problem of free particle production by a time-dependent source. 
The created state is a coherent state. Schematically, if is the creation operator for a 
physical closed string mode, then the closed string state at late times is proportional to 



1 Note the relation between A and Too in this effective field theory is different from that in 
string theory. 
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e aat |0) where a is essentially the one-point amplitude of the closed string mode on the 
disk. More precisely, 

V2Ea = A = M p (V) dlsk , (2.10) 
where E is the spacetime energy of the state and V is the corresponding on-shell vertex 



operator. M p is the normalization factor (2A). Notice that this is a process which is of 
order g°. 

It is possible to show that for any physical on-shell closed string state with nonzero 



energy we can choose a gauge where there are no timelike oscillators, see [|30|. In such a 
gauge the full vertex operator for an on-shell closed string state can be chosen to be of the 
form 

V = e lEX °V sp (2.11) 

where V sp is made out of the 25 spatial fields. This is equivalent to the statement that 
we can choose a gauge where we can put all the a oscillators to zero. It should be noted 
that the vertex operator V sp is constrained to be a Virasoro primary state of arbitrary 
conformal weight A. The Lq constraint gives us the value of the energy E in terms of A, 
E = 2^(A - 1). The gauge (|7Ll|) is very convenient since the computation of the one 
point function factorizes as 

(V) dlsk = (e lEX °) x0 (V sp ) sp (2.12) 

into a product of the one point function for the time part and a one point function for the 
rest. 

The computation of the second factor in (|2.12|) is straightforward and it is given by 
the inner product of the spatial part of the boundary state, which is the spatial part of a 
standard Dp-brane, with the closed string state under consideration. The spatial part of 
the boundary state has the form, up to an overall constant, 

I d 2 ^k e^m L \i;) R \k) . (2.13) 

Note that the boundary state is such that we have the same oscillator state for the right 
and left movers, up to a phase that is irrelevant for our computations. We also have a 
sum over all possible oscillator states we can make with the left movers. So the counting 
of states is the same as the counting for an open string. Finally, all states appearing in 
( p.!3|) are unit normalized. 



We can separate the closed string Hilbert space into states that are left right identical, 
as in (|2.13|) and the orthogonal complement. So only states in the first subspace will be 



emitted. If we take V sp = \il>') L\i>') R,\k) the overlap with ( |2.13|) is just a phase. 

Therefore, it follows from ( |2.12| ) that up to a phase, ( |2.10| ) can be identified with the 
disk one point function for an operator of the form e lEX ° 



A = N P I(E)=N P U EX ) . (2.14) 

\ / disk 

To evaluate (|2.14| ) it is convenient to separate the zero mode integration with the decom- 
position X° =t + X° and we have 

1(E) = U EX °) = [ dte* Et (e iEX °) . (2.15) 

\ / disk Jq \ I disk 

Note that in performing the zero mode integration one has to specify a contour C. The 
computation of (e tEX ° \ essentially reduces (almost by definition) to that of computing 

\ / di s /c 

the first term in ( |2.5|) . Thus we find that 

1(E) = i [ dtp(t)e lEt (2.16) 



JC 

where p(t) is given by ( [2.6| ) or ( |2.7| ). In order to determine the contour C we need some 
more physical information. The most obvious choice of contour is to take it to run along the 
real axis — oo < t < +oo. We call this the real contour, C rea i. This contour corresponds 
to interpreting the full-brane as a configuration where the tachyon rises up to a value 
closest to zero and then decays back again. Having the tachyon rise in this way in the full 
theory involves some fine-tuning which we do not worry about here. For the half-brane 
it is necessary to rotate t — > t(l — ie) in order to make the integral convergent. This 
corresponds to the standard choice of vacuum for closed strings, i.e. there is no incoming 
radiation from t = — oo. 

Since the full-brane interaction ( |2.1| ) is time symmetric around t = 0, there is another 
interesting contour which we will call the Hartle-Hawking contour, Chh- This contour runs 
from t = zoo along the imaginary axis to t = and then along the real axis to t = +oo. 
We can imagine the contour along the imaginary axis as preparing the state at t = 0. If 
we did this in a field theory in the bulk the path integral up to t = along the imaginary 
axis would produce a state at t = 0. This state would be the vacuum if there were no 
brane. When there is a brane the state is not the vacuum but some other state produced 
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by the brane. We then evolve this state for t > along the real axis. Note that this 
prescription also creates a state for the open string modes on the brane. This is the state 
that we naturally get if we blindly analytically continue the Euclidean expressions. We 
will elaborate more about the physical interpretation of the Hartle-Hawking contour in the 
next section. 

The integral ( |2.16|) for the different contours gives 

dt pfuii (t) e lEt =(e- lE logX - e lE log ^ - 



sinh7ri? 



dtp half (t)e lEt =e-* El °z x -^— , (2.17) 



dt Pfull (t)e iEt =e- iEl °^ — 



Cnn sinh7r£ 

The two exponentials in the first line of ([2.17|) can be interpreted as the radiation emitted 
in the rising part of the full-brane and the decaying part of the full-brane. Note that the A 
dependence for the half brane is precisely what we expect on the basis of time translation 
invariance. 

Surprisingly, the result for the full-brane using the Hartle-Hawking contour gives the 
same result as the half-brane. From (|2.10|) and (|2.14| ) this implies that, up to a phase due 
to time translation, the final closed string state produced by the half-brane is the same as 
that produced by the full-brane using the Hartle-Hawking contour. Since A only appears 
in the phase, the closed string states with different values of A only differ by an overall 
time translation. For the half-brane this is a trivial consequence of the fact that changing 
A is the same as performing a time translation, but for the full-brane with C-j-cj-i this is 
surprising. Note that the Hartle-Hawking presciption leads to a time symmetric state. So 
we have radiation coming in from t = — oo and being absorbed by the brane. For A = 1/2 
we have no D-brane and this radiation that comes from t = — oo just reflects from the 
origin and goes out. In contrast, for the full-brane with the real contour, the absolute 
value of the amplitude is A dependent and vanishes at A = |. For A — > we see that the 
closed strings produced by the rising phase and decaying phase is moved all the way to 
t = =Foo. 

Note also that the contour that is natural in the Euclidean theory, which runs along 
the imaginary axis, would be badly divergent for real E. Nevertheless (|2.17| ) are analytic 
in E and when E = in they have a pole. We see that the residue of the pole for the Hartle- 
Hawking countour or the half-brane has the values we get in the Euclidean computation. 
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The fact that there is a pole is related to the fact that the Euclidean computation for 
E = in has a divergent volume factor, the volume of Euclidean time. Note that that the 
residue of the pole for the real contour is not the same as the result for the Euclidean 
computation. As we explained above the Euclidean computation is more directly related 
to the Hartle-Hawking contour. 

In conclusion the emission amplitude for this closed string state will be given by the 
integrals ( |2.17| ) with E equal to the spacetime energy of the state. 

Now we compute the total average number and the total energy of particles emitted. 
Since the final state is a coherent state, from (|2.10|) , (|2.14|) we have 



^^E^r^-^E^rWE.f, (2.18) 



V p ^2E,' - *-^2E s 

r s s 

Y = ll\\^\ 2 =M^\\I(E s )\\ (2.19) 

" s s 

where the sum runs over a basis of physical left-right identical closed string states and V p 
is the spatial volume of the Dp-brane. Note that the sum over s includes both the sum 
over level n and an integral over the momenta of the spatial directions transverse to the 
brane. 

It is interesting to estimate the behaviour of (|2.18|) and (|2.19|) for large n to check if 
the result is finite or not. We see that 

\I(E)\ 2 ~ e~ 27TE , D(n) ~ -Ln-^e 4n ^ , (2.20) 

V2 

where D{n) is the number of primary closed string oscillator states that are left-right 
identical at level n. This number goes as the number of states in the open string Hilbert 



space, see fl3T|. Note that the boundary state in the spatial directions (|2.13|) contains 25 
oscillators, while the degeneracy in (|2.20|) grows as that of 24 oscillators. This is due to 
the fact that the condition that the state is a Virasoro primary eliminates precisely one 
oscillator worth of states. This is due to the fact that the Virasoro characters for c > 1 
and A > have no null states so that their counting is precisely the same as the counting 
of a single oscillator. 

The energy is related to the level n by 

E = \Ai+4n~2 v / ^+-^ + --- (2.21) 



where we have expanded the result for large levels. When we insert this in ( |2.18|) and 
( |2.19| ) we find that the exponential terms are exactly cancelled. In addition the integral 
over k± produces factors of n 1 / 4 per additional transverse dimension. The result takes the 

form 

-~J2 n ~~ 4 C > ~y ~ ^^-4-2 . (2.22) 

r n 1 n 

Note that the emitted energy is finite for p > 2 and infinite for p < 2. In the cases that 
the expression for the energy is finite we find that the total energy emitted is of order g° 
(in a' = 1 units). In the divergent cases the sum is dominated by the large n terms and 
([□!), ([2TT9|) can be written as 

- = (2*) > -(4n) .+... 

1 (2.23) 
^L = (2ic)-*J dEE-%+... , 

where we restored the correct numerical factors. 

Of particular interest is the p = case. In this case the number of emitted particles 
diverges logarithmically and the emitted energy diverges linearly. If we cutoff the energy 
at E ~ 1/g we see that we get an energy of the same order of magnitude as the initial 
mass of the brane. Of course the energy emitted cannot be greater than the mass of the 
initial brane, so higher order corrections must cut it off so that the total emitted energy is 
finite. What we find suggestive is that energies of order E ~ 1/g are precisely the energies 
where we expect the tree level computation to become invalid, since at this energy the 
gravitational force between the emitted state and the original D-brane become of order 1. 

2. 3. Remarks on the fate of branes 

The above computation strongly suggests that a DO-brane decays completely into 
closed strings. Note that according to the formulas (|2.23|) most of the energy is emitted 



into very massive string states. These massive string states are roughly the same as the 
ones that appear in the boundary state, so they represent closed strings highly localized at 
r = in the transverse directions. Since their momentum is of order and mass of order 
712, they move very slowly at the speed of away from the origin. Thus the time scale 
for having some matter localized within string scale around the origin is of order g~^. 

For a Dp-brane (p > 2) with an noncompact worldvolume (or in a very large compact 
space) equations in ( |2.23| ) appear to suggest that the amount of energy going into closed 
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string modes is rather small and one might conclude that the tachyon matter is stable at 
least in perturbation theory!. In order to understand this more precisely it is useful to 
consider the case where we compactify the Dp brane on a very large volume. In that case, 
we could also consider the decay into winding modes. If we also include these winding 
modes, then the problem is similar to considering a DO brane decaying on a very small 
compact space. For a DO brane the mean value of the transverse momentum for a string 
at level n is of order k± ~ n 1 ^ 4 . For a DO brane we expect that ^fn is of the order of 
the initial energy of the DO brane, 1/go ~ \fn. Thus, most of the energy will come out 
in states which have a momentum of order k± ~ ^ n or der for this computation to 

be well defined we need that this momentum is much bigger than the inverse size of the 
space. If we started originally with a Dp brane on a torus with all circles of radius R p , 
then we find that the associated DO brane lives on a space of size Rq = 1/R P and the 
string coupling is go = g p /(R p ) p . Thus, we see that for small fixed coupling g p and very 
large sizes R p , then we always find that, for p > 2, the mean momentum (in the DO) brane 

V 

picture is k± ~ M== ^> = R p . Note that go is also very small in the large R p limit. 
When we go to the original Dp brane picture this is saying two things. First, it is saying 
that the total energy is still divergent if we include winding modes. Second, that most 
of the energy is coming out in winding modes. These are strings that are wound along 
the large directions of the torus. These strings still give the dominant contribution to the 
energy even in the infinite volume limit, where these strings are infinitely long. 

We would like to emphasize that the homogeneous decay as in ( |2.1| ) and ( |2.2| ) is hardly 



physical for p > 1. In these cases, long wavelength tachyonic modes with k 2 < 1 are also 
unstable and will grow in time [|6|,|l0|. This means that the D-brane decay will be rather 
inhomogeneous. The energy density of the D-brane will tend to concentrate around the 
minima of the potential and the original Dp-brane may be thought of decomposing into a 
collection of small patches around various minima, see [|5|,|ID| . 

2.4- Superstring case 

The boundary state for an unstable D-brane in superstring theory is rather similar 
to the bosonic one and was discussed in PJIDf. The basic results are also rather similar. 



Indeed the profiles pf u u and Phaif are of the same form. The on-shell tachyon has the 



2 This paragraph was added in Feb. 2007 thanks to comments by J. Polchinski and it improves 
our original discussion. 
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form T = \e ±x °/^ and we get an extra square root of two in the exponents for the 
profiles fl2.6p ( P77| ). Therefore the Fourier transforms have a weaker exponential fall off as 
a function of the energy. However the exponential growth in the density of states for the 
superstring is also slightly slower and again the two cancel so that N and E have exactly 
the same form as (|2.22| ). Hence the emitted energy also diverges linearly with energy for 
a decaying unstable DO-brane. Note that in the bosonic string the inhomogenous decay is 
potentially ill-defined since tachyon can also be negative. In particular one might worry 
that small fluctuations near the top of the tachyon potential could send parts of the Dp- 
brane towards the vacuum with unbounded energy, rather that the closed string vacuum. 
For superstrings this is not a problem since the potential is bounded from below. 



2.5. One loop diagram 

In the previous subsection we computed the closed string radiation in a rather di- 
rect way by computing the one point functions that can be computed from a variety of 
methods 00,0. 



The D-brane state acts as a classical source for closed strings. So the one loop Feyn- 
man amplitude would give us information about the radiation that comes out. Equations 
( |2.18|)(|2.19|) can be precisely understood this way and we give a derivation based on the 
second quantized theory in Appendix A. The formal expression for the one loop amplitude 
in the closed string channel is 



W 



B 



Lq + Lq - ie 



B 



(2.24) 



One can show that the imaginary part of the above one loop effective action is related to 
the total number of particles radiated, i.e. 



N = 2ImW = Im < B 



Lq + Lq- ie 



B 



(2.25) 



Similarly the energy emitted can be written as 



E=—(B 
da 



b o c o_ 
Lq + Lq 



ret 



B(a) 



(2.26) 



a=0 



where \B(a)) is obtained from \B) by taking t — > t + a, i.e. they are separated by an 
interval a in time direction. The subscript "ret" indicates that one needs to use the 
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retarded propagator. One can check that, level by level, ( [2.25 ) and (p. 26 ) agree with 

flnsD and ( [nap . 

For a static D-brane, Q2.24| ) is related by modular invariance to the one-loop partition 
sum of the open string theory. In our case, such a relation is not clear since we have a 



Lorentzian cylinder. However, one can show that the imaginary part (|2.25|) does have an 
interesting open string interpretation. More explicitly, one finds that after summing over 
all levels, for the half-brane, ( |2.25 ) can be written in the open string form 



N 



E 

n=l 



1 



00 ds_ 

s (Area's) 



i24 



(ft) 



(2.27) 



The above equation can also be rewritten as the following 



b o c o 



B 



+ 



(2.28) 



where \B±) are defined by 

oo 

\B + ) = Y,\B P [x = (2n + l)n]) 



\B-) = \ B pI x = ~( 2n + i) 71 "]) > ( 2 - 29 ) 



n=0 



n=0 



with | Bp [a;]) the boundary state of a Euclidean D-instanton with p spatial dimensions 
sitting at position x in the Euclidean time direction. We see that ( |2.28|) includes only 
open strings which stretch across the t = line. This is different than the naive Euclidean 
computation for an array of D-instantons (corresponding to A = 1/2 for the full-brane), 
which would include open strings stretching between any two D-instantons. Note that 
we get the result (|2.28 ) for the half-brane or the full-brane with Hartle-Hawking contour 
independently of the value of A. Note also that the overlaps of boundary states include 
both orientations of stretched open strings. The corresponding formula for the full-brane 
with the real contour is somewhat more complicated, and can be obtained by replacing 
e~ n2s in (12T27D by 



2e" 



exp 



log A 



— in 



7T 



— exp 



log A 



+ in 



n 



(2.30) 



It is not clear whether the above equation has an open string interpretation. The expression 
fl2.30|) appears to come from D-instantons sitting at complex positions in the complex t 
plane. 
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Another way to derive ( 2.28 ) is as follows. Note that for the half-brane we can rewrite 
( CT ) and ([DTD as 



iEX 



A = N P I(E) = N p ( c- 

= 2yriV p e-^ logA ^e-^ 2m+1 ) E 



m=0 



(2.31) 



m=0 



p-1 



iEX ( 



X Q =i(2m+l)TT 



where in the last line above () denotes one point function for a D-instanton sitting at a 
point on the imaginary time axis. Thus when we sum over all intermediate closed string 
modes in ( |2.18| ) we find ( |2.28|) . The appearance of D-instantons can be understood as 



follows. In obtaining pit) (|2.7| ) in ( 2.16 ) we treat the worldsheet boundary interaction 
in terms of perturbative expansion 



y- 



dr Xe xC 



However, the perturbation series only have a finite radius of convergence and this is re- 
flected in the singularities of pit) on the complex plane. For example, p(t) in ( |2.7| ) has 
poles at t = i(2m + l)n + log A. The contributions of these poles to the integrals ( p.!7|) are 
precisely given by the D-instantons discussed in (|2.31|) . When there are poles on real axis, 
as is the case for A < in (|2.6|), ( |2.7| ) and some inhomogeneous decay examples P,|10 
( |2.1(j| ) is not unambiguously defined. 



Equation ( |2.27 ) gives a very clean picture of the divergence in iV for p = in terms 
of the open string picture. This is an IR divergence (arising at large s) that comes from 
the open string stretching between the two closest D-instantons sitting at x = ±tt. The 
distance between the two D-instantons is such that this open string is precisely massless. 
This gives rise to the divergence. 

The expression for the energy can be obtained by considering 



E 

Vn 



d_ 

da 



B+(a] 



(2.32) 



a=0 



where |S_|_(a)) corresponds to the same array we had in ( [2.29| ) but shifted by a in the 
Euclidean time direction. In other words, the open strings that had masses squared pro- 
portional to (27rn) 2 — 1 have masses proportional to (27rn + a) 2 — 1 after we shift by 



a. 
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If < p < 2 we get a divergence in the energy which is related to the fact that a 
massless field (the massless open string mode stretching between the two D-instantons 
closest to t = 0) does not have a well defined vacuum in two or less Euclidean dimensions. 

Note that if we treated the closed string theory as an ordinary field theory we would 
have to sum over real Lorentzian momenta in the time direction. In other words the one 
loop diagram becomes 

n n 

where the sum is over all left-right identical closed string states with energies E n . As above 
the sum over n includes an integral over the transverse directions. It is easy to see that, 
level by level, the imaginary part of ( |2.33|) indeed agrees with the expression for iV ( |2.18|) . 
The normalization factor can be computed by noticing that for A — > we should recover 
the usual expression for Bosonic D-branes [ |32"|| . 

Note that the expression (|2.33|) does not include possible 5(k) contributions which 
according to Sen, ||, are present in the boundary state. One example is the contribu- 
tion that gives rise to the conserved energy. The Euclidean boundary state also contains 
contributions proportional to 5{k — in), it is not clear if these should be included or not. 

In []8|,|llJ, open string creation was discussed. One would expect this to be related 



by modular invariance to the computations done in this paper. We could not make this 
relation explicit. The amount of energy that was lost into open string modes, according 
to [p|,|i~T||, grows exponentially with time, with a coefficient that is finite for p < 25 and 
infinite for p = 25. Computations in the open string description seem harder because we 
do not expect to have asympotic physical open string states once the tachyon condenses. 
On the other hand, closed string states are still well defined in the future. 

Note that for the full brane with the Har tie- Hawking contour the state that is emitted 
depends on A only through a simple phase. So the only difference in the state emitted is an 
overall time translation. Since the state is time reflection symmetric the incoming closed 
strings are also translated by a similar amount into negative times. This is schematically 
represented in fig. 1. If we assume that the DO-brane decays completely into these closed 
string modes, then we get an intriguing picture where finely tuned incoming closed strings 
produce an unstable DO which after a while decays again into closed strings. 

14 




t=0 



a) b) 



Fig. 1: Lorentzian picture for the Hartle-Hawking state for the full brane. The 
state is time reflection symmetric. We have incoming closed string radiation from 
the past and outgoing in the future. It is indicated by arrows. In a) we show the 
state for A = 1/2 which contains only incoming and outgoing radiation. In b) we 
show the state for A < 1/2, the incoming radiation is absorbed by the brane and 
then reemitted. 



3. D-instantons and the closed string final state 

There is a very beautiful and simple description of the closed string state that is 
produced by the full-brane with the Hartle-Hawking contour or the half-branei. As we 
explained above the state that is produced is a coherent state in the space of closed string 
fields. Let us think for the moment about the bulk closed string field theory as an ordinary 
field theory. A method for producing coherent states is to perform the path integral in 
Euclidean space with a source and cut this path integral at t = 0. The result of the path 
integral is a function of the boundary values of the fields at t = 0. We can think of this 
function as a wavefunction for the fields. For example, the wavefunction of the vacuum is 
obtained by doing the path integral over negative imaginary Euclidean time. If we insert 
operators or sources at Euclidean times < this same path integral will produce a 
different state. 



3 This discussion has some overlap with the discussion in [25], where these issues are discussed 
in more detail. 
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For simpliticy let us start by discussing the state that we get if we insert a D-instanton 
at a distance d from t = (see fig. 2). This will act as a point source for many closed string 
fields which at t = will have an amplitude of the form e~ dE where E is the energy of 
the particular closed string mode. The norm of the state involves squaring the amplitude 
and summing over all states. The terms in this sum go as e - 2dE e 27rE for large E. So see 
that if d < 7r the state that we produce in this way is not normalizable. Therefore the 
approximation in which we derived it is not valid and we do not trust the resulting state. 
On the other hand if d > 7r, the state that we create in this fashion is a perfectly nice and 
normalizable finite energy state in the field theory of closed string modes and has an energy 
of order one (i.e. g°). We can understand this change in behaviour as follows. We can 
compute the norm of the state produced in the above way by considering the path integral 
over full Euclidean time were we put sources at t > in a time reflection symmetric fashion. 
The divergence in the norm is related to the fact that the open string going between the 
D-instanton at t = — d and the one at t = +d becomes tachyonic precisely at d = it. So 
this divergence is rather similar to the Hagedorn divergence. Note, however, that the state 
that is produced in this fashion is not thermal, it is a pure state. 



Euclidean 

d 

t=0 




Euclidean 



Euclidean I" 



a) b) 

Fig. 2: Construction of a closed string state via the insertion of D-instantons in 
Euclidean space. In a) we pictorially represent doing the path integral over half of 
the Euclidean time line, tE < 0, with an instanton inserted and in b) we represent 
the computation of the norm of the state. This norm becomes ill defined if the D 
instanton distance to t = is d < tv. 



Now, instead of a single D-instanton we can consider an array of D-instantons sitting 
at t = — Z7r(l + 2m) , m = 0, 1,2, • • •. The large energy behaviour of the amplitudes is 
dominated by the D-instanton that is closest to t = 0. It is interesting that the states 
arising during tachyon decay correspond to D-branes at d = it in Euclidean space. When 
we compute the norm of the state we have the array of D instantons at tE = iir(l + 2m), 
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m G Z. This is precisely the Euclidean state for A = 1/2, for which there is no brane 
in Lorentzian signature 0. However, when we computed the closed string radiation in 
( [2.17| ) we found some radiation coming out if we used the Hartle-Hawking contour. But 
this radiation is the same radiation that is coming in from t = — oo in a time symmetric 
fashion, see fig. 1. The state at t = contains no brane because the D-intantons are 
localized in Euclidean time away from t = 0. Note that this description is completely 
explicit. For example we can consider the dilaton field. Its expectation value in Euclidean 
space is given by the expression (see also jl2|D 



OO j 

{r,t E )= V] — nno1 24- p ■ (3-1) 



which in Lorentzian signature gives 

oo 

<Kr,t L )= J2 r^—. : i ■ (3-2) 



, - , , - \21 

m= — oo 



[r 2 + (it L - 7r(l + 2m)f 



If we compute the positive frequency components of (^^) we find again an expression 
like ( |2.17| ) with E = \k\ where k is the momentum in the directions transverse to the D- 
instanton used to produce (j3.1|). This D-instanton has p spatial dimensions. As expected 



obeys the massless, sourceless field equation in the bulk. It represents a dilaton wave 
coming in to r = and then going back to r — > oo (see fig. 1). 

Our previous formulas describe completely the coherent state that is produced by this 
process. Just to clarify the situation a bit more let us point out that the closed string state 
that is produced by a D-instanton sitting at position d in Euclidean space is given by 

\C) = P phys e- d *\B) (3.3) 

where \B) is the boundary state for a D-instanton at the origin. E is the operator that 
measures the energy of the state. And finally P p h ys is a projector on to physical states. 
The state \C) is a state in the closed string Hilbert space as long as d > n. The actual 
state in the full multiparticle closed string Hilbert space is the coherent state associated 
to the state ( |3.3| ). In other words, if we call aa' the operator creating a single string in 
the state flOD, then the full state is e Qat |0). 

For the superstring, at A = 1/2, the corresponding Euclidean configuration involves 
an array of alternating D-instantons and anti-D-instantons. This is due to the fact that 
the RR fields get an i when we continue to Euclidean signature so they need to get a 
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minus sign when we perform a time reflection in Euclidean signature in order to be real in 
Lorentzian signature. The alternating charges ensure that. 

Note that these instanton produced states are in the spirit of the S-branes discussed 
in [|2| but differ from the D-s-branes localized in lorentzian time that were discussed in || 
by the crucial fact that they are displaced by a critical distance in Euclidean space. This 
displacement makes sure that the state that is produced does not have a badly divergent 
norm. If we go back to Lorentzian signature the closed string state that is created this 
way is time reflection symmetric around the origin. Note also that the state we produce is 
not SO(26 — p) invariant in Euclidean space, so it does not have SO(l : 25 — p) symmetry 
in Lorentzian signature. 

There is one interesting aspect that makes the string theory computation different 
from a field theory computation. In a field theory we are free to add any sources we want 
when we do the Euclidean path integral. In string theory it is not clear that one could do 
that since one does not have local operators. The D-instantons are objects in the theory 
that in the classical limit act as heavy fixed sources for the closed string fields. But as 
we go to higher orders the D-instantons become dynamical and can, for example, move. 
It would be nice to understand more precisely how to view the setup that we have been 
describing in a more non-perturbative way. One would have to find a natural context in 
which one can produce these states. One possibility is to consider the thermal partition 
function, for temperatures f3 = 2nn (we need n > 2 in order to be at temperatures lower 



than the Hagedorn temperature). See |E2[] for further discussion. This thermal partition 
function contains contributions from the Euclidean branes with arbitrary A (in fact we 
should integrate over A when we compute the thermal partition function). We could then 
imagine that we somehow analytically continue these to Lorentzian signature. So that 
we interpret the process as the spontaneous nucleation of such a brane in the thermal 
background which then subsequently decays. 

In [L| a different interpretation was proposed for the A = 1/2 state. This difference 
is sharper for p > 2. In |TI|] it was proposed that such a state carries an energy density 
of order 1/g. Here we are saying that this state carries an energy density of order 1. For 
p = we find a divergent energy and in fact we expect that this divergence is cutoff at an 
energy of order 1/g. @ 



4 In fact, the discussion in []l2|| could also be carried out with a D-instanton array where the 
instantons are separated by a distance bigger than the critical distance. In that case our description 
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4. Attempts of computing the back reaction 

For a DO-brane we observed that the one loop diagram diverges.il When such a thing 
happens in string theory, one is supposed to change the classical string solution in order to 
cancel the divergence |33[] . In the examples discussed in [|33| the divergence comes from the 
IR of the closed string channel and consequently one needs to change the IR properties of 
the closed string background. In our case the divergence comes from the UV of the closed 
string channel, or the IR of the open string channel. So we conclude that the divergence 
should be eliminated by modifying the long time behaviour of the open string classical 
solution. 

We know that Sen's state obeys the classical open string field theory equations. In 
principle one would like to solve the one-loop corrected open string equations of motion. 
This seems to be a rather difficult task. Some of the difficulties were described in a related 
context in |34}j . These difficulties come form the fact that we need to evaluate both the 
disk and the cylinder diagram off shell. However we are only interested in the changes 
of the open string solution over relatively long time scales. One could object that once 
one tries to balance classical equations with one loop corrections one needs to include all 
loops. What makes the situation a little more hopeful in our case is that the emission of 
very massive closed string modes might be a relatively slow process and could change the 
boundary state rather slowly. 

In any case, we did not succeed in finding the corrected equations and we will just 
present a summary of our attempts. Hopefully a more satisfactory solution will be found 
soon. 

Our idea was that the parameter A which appears in the boundary state will no longer 
be a constant but it would slowly evolve in time!. This would have two effects. One would 
be to provide an effective cutoff for the energy of the emitted radiation. The second is that 
the boundary state would slowly approach A = 1/2 for the full-brane which corresponds 



would give, in the Lorentzian theory, a state of energy of order g° while a computation in the spirit 
of |Q would suggest a state with energy proportional to 1/g. We think that the discrepancy is 
related to the different translation between the Euclidean and Lorentzian computation. 

5 For higher Dp-branes there are divergences in the expectation values of the energy, or higher 
powers of the energy. Since these are measurable observables that should give finite answers, we 
expect corrections for these too. 

6 More precisely we write the boundary interaction on the worlsheet as S = J A+e* + A-e~* 
and assume that X± depend on time. 
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to having no D-brane, only outgoing radiation. We did not succeed in showing that this 
is indeed what happens but we will describe the difficulties we ran into. 

A basic simple example to keep in mind is the following. Consider a heavy degree of 
freedom, localized at the origin which couples to a free field that propagates in the bulk. 
The heavy object is moving along a solution of its classical action. The coupling to the 
free field would imply that some radiation is produced and this will suck energy away from 
this degree of freedom. If the action for the total system has the form 

S = S[q(t)} + J dtj(q(t))(t)(t, x = 0) + ~ J dtd d x(d<P) 2 - m 2 (j) 2 (4.1) 
Then the corrected equations of motion for the particle are 

dq-(t) + dit)l dt ' G ^0;t\0)j(q(t')) = , (4.2) 

where G is the retarded propagator, it is evaluated at the origin in the transverse dimen- 
sions. We would like to find an expression which is equivalent to this in string theory. In 
principle one could do this in string field theory. In boundary string field theory equations 
of this type were contemplated in |34j in a similar context. 

By taking test functions and integrating them over time against ( f4.2|) we can find a 
particular subset of equations. A simple one is the energy conservation condition, which 
arises when we multiply by q(t) and integrate (|4.2|) . The resulting equation says that the 
energy lost by the system is equal to the energy emitted in radiation. So this equation will 
already be enough to make sure that energy is conserved. In order to get this equation 
to work in string theory we only need to assume that the classical energy vanishes at late 
times and that it is proportional to — J Mo for early times. Then the equation (|4.2| ) implies 
that 

M = E . (4.3) 

But this is rather trivial, what we really need to show is that at late times the D-brane 
state has zero energy. 

A simpler problem than the one we have is the following. Suppose you have D-brane 
in flat space. Now you deform flat space by changing the closed string background. This 
change is described by adding the operator 0(z,z) on the string worldsheet. The old 
boundary state that described the D-brane in flat space is not a good conformal bound- 
ary state in this perturbed bulk CFT. In particular, when O approaches the boundary 
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described by the old boundary condition we will find an operator product expansion of the 
form 

0{z,z)~Y,{z-z)- 2+n Vn (4.4) 

n 

where V n are boundary operators of conformal weight n. The term proportional to V\ 
will give rise to a logarithmic divergence when we integrate over z — ~z. This logarithmic 
divergence is cancelled by adding to the boundary an interaction of the form 

drV B (r) , with (L -1)Vb = V 1 . (4.5) 

In appendix C we show how this works for a simple example. In general one would 
think that we also need to consider the operators V n with n ^ 0. However, the operator 
Vi seems the most important one at long distances in spacetime. 

Now going back to our problem. When a closed string mode is emitted, the boundary 
state now moves in the background generated by this closed string mode. So one would 
attempt to find the correction to the boundary state by performing an analysis like the 
one above for each closed string state and then summing over all states. 

Let us consider first the half-brane. In this case the interesting term in the OPE is 

e inX ~ t z^A-n^ + ^AJ+) . (4.6) 

(z — z) n 1 A 3 

when we compute it in the Euclidean theory. J 3 = idX and = e^ %x are the SU(2) 
generators ||35| . It is not obvious precisely how we should analytically continue this to 
the Lorentzian theory. What is clear is that the analytic continuation of the J ± operators 
involve the boundary tachyon vertex operators e ±f . So after summing over all closed string 
states we expect to find that V\ has the form V\ = g s (Ae t + Be~ l ) where A and B are 
some numerical coefficients. The factor of g s comes from the fact that the vertex operator 
for the emitted state comes with a factor of g s . Then the operator Vb will have a form 
proportional to g s (Ate t — Bte~ f ), we can interpret this as giving us the time variation for 
the coefficient A. In other words, we find A ~ g s . Unfortunately we could not find a more 
precise equation for the effective evolution of A. 

Note that if we have a profile such as (|2.7| ) with a \{t) which is a slowly varying 
function of t, this will have the effect to shift the pole position from Imt p = n to 

M<p)=t|1-^J+--- , (4-7) 
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where we assumed that derivatives of A are small and we expanded A to first order in time. 
So we see that if A < 0. Then the position of the pole shifts in such a way that it makes 
the integral convergent since the exponential suppression factor of the form e - 21m ( t P ) E w i\\ 
be greater than the factor coming from the density of states. Since we expect that A is of 
order g s . This would give the right order of magnitude for the cutoff in energy, i.e. we 
would get a total emitted energy of order l/g s . In other words, the evolution of A is such 
that the evolution of p(t) is slower than the evolution with constant A. That means that 
the tachyon vertex operator would be slightly relevant (as opposed to marginal). 

When we considered the imaginary part of the one loop diagram in Euclidean space 
we saw that the divergence came from the open string stretched between the two closest 
D-branes. This would suggest that in order to make the diagram finite we would need to 
make this distance slightly bigger than the critical distance. This would suggest that the 
Euclidean computation would involve the boundary sine Gordon model with a potential 
slightly relevant. 

Finally let us note that if we had a decaying unstable lump in an ordinary weakly 
coupled field theory it would be enough to solve the classical equations of motion to find 
the state it decays into at very late times. To the extent that a D-brane is similar to an 
ordinary lump solution of string theory one would expect a similar situation. In this case 
the precise boundary state is the classical solution. So one would expect it to encode the 
final state that the D-brane decays to. It seems, however, that the situation here is not as 
straightforward. 

5. Conclusion 

In this paper we computed the production of closed string modes produced from time- 
dependent rolling tachyon solutions which represent the homegenous decay (or creation and 
subsequent decay in the case of the full-brane) of an unstable Dp-brane. For p > 2 the 
total number of particles and total energy radiated away was finite. However in these 
cases a homogenous decay is very unphysical and Dp-branes will decay inhomogenously. 
For p < 2 we found that the total energy diverges. We interpreted this as an indication 
that a DO-brane decays completely into closed string modes, in particular mostly massive 
ones. We outlined a few approaches to the back reaction problem. It would be nice to 
have a better understanding of it. 
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Appendix A. Particle production from a source 

In this appendix we give a derivation of various formulae in the main section based on 
a second quantized approach. A closed string field can be written as a linear superposition 
of basis states: 

|*>=X>->*.- (A.l) 

s 

Each i/j s , the component of the vector along the basis vector |$ s ), corresponds to a 
target space field. In the presence of a boundary state the field equation is given by 

(Q + Q)\*) = \B) (A.2) 

Here B is a vector of ghost number 3 in the state space of closed string CFT which satisfies 
the conservation law 

(Q + Q)\B) = 0. (A.3) 

From now on we shall restrict to the cases that the source \B) has the form \B) = Cq | J), 
with | J) a state of ghost number two. Then after fixing the Siegel gauge |#) = we 
find that 

(L + L )\V) = \J) . (A.4) 



Expanding \J) in components J s as in ( |A.1| ), the equations of motion ( |A.4|) takes the 
familiar field theory form 

I(d 2 -m^ s = J s . (A.5) 
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The closed string fields can be quantized using the standard method (e.g. see [p6| ). 
We assume that the currents J s have been switched on only for a finite interval, we may 
therefore define the "in" and "out" field operators 



(A.6) 



where G r s et and Gg dv are standard retarded and advanced Green functions. In particular 



,(x) = <f>f(x) - 2 J d d yG r s et (x - y) J s (y) 
= 4>° s ut (x) - 2 / d d y Gf v (x - y) J s (y) 



if we expand ( E s ^ = yml + p 2 ) 

d d-i p 1 



cf>T(x) 

r s ut (x) 



(2* r ! ; v '^w v "*'" 

id- 1 



d a-i p 1 
(2?r 



(A.7) 



id— 1 



2£ 



We*" + (a5)t e -<i«) 



s,p 



with 



then 



L a s,p> l u s,p 



f ] = K&K?)*] = (27r) d - 1 ^- 1 )(p-^/) 



u s,p s,p 



:fir s J 8 (-E S £, -p) 



(A.8) 
(A.9) 



where J s (p) is the Fourier transform of J s (x) and 



J s (E s ,p, p) = «/ s (p)|pO=E s ? , ^ s ,p = V m s +P 2 



(A.10) 



The S-matrix operator which connects the in- and out-fields and in- and out-states 

<j>T t (x)=S~ 1 ^(x)S 



|out) = S 1 | in) , |in) = S |out) 



(A.ll) 



can be written as 



S = Texp 



=: exp 



-i / d d x(f> in (x) ■ J(x) 



i / d d x(f) in (x) ■ J(x) 



(A.12) 



: exp [i W] 



where 



W 



B 



L + L - it 



B 



(A.13) 
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In the above, T and :: denote time and normal ordering respectively, |in, 0) is the in- vacuum 
of the second quantized theory and 4> ■ J = Y^ ls ( t ) s J s ■ 

It can be shown from the above that the average number and energy of the particles 
emitted by the source are given by 

d d ~ x k 1 



N 



(27r) d - 1 2E t 



J a {-E a , -p) J s (E s ,p) 



2ImW = Im(^B 



L + L - ie 



B 



(A.14) 



and 



E = - 



2 ^ 



d 



d-i 



P 



(27T) 



r J s (-E s , -p) J a (E 3 ,p) 



da 



B 



b o c o 



ret 



B(a) 



(A.15) 



a=0 



Lq + Lq 

where \B(a)) is obtained from \B) by taking t —>■ t+a, i.e. they are seperated by an interval 
a in time direction. The subscript "ret" indicates that one needs to use the retarded 
propagator. Note that in (|A.14| ) and (|A.15|) only on-shell physical modes contribute. This 
is guarrenteed by the conservation law ( |A.3| ), which ensures the decoupling of gauge modes. 

Note that the probability of going from the in- vacuum to the out- vacuum (i.e. the 
probability of no emission) is 

p = | (0,out|in,0)| 2 = . (A.16) 

When is infinite, the S'-matrix does not exist, since every matrix element between in- 
and out-states vanishes. In a system with an infinite number of degrees of freedom, inequiv- 
alent representations of the canonical commutation relation may exist. In certain cases, 
meaningful physical results can still be extracted, e.g. as in the case of "infrared catas- 
trophy" . In string theory we also have to worry potential divergences from the Hagedorn 
density of states. 

Equation ( |A.12[ ) means that the final state is a coherent state. From equation ( |A.6| ) 
we have that 



(in,O|0,(:r)KO) = -2 / d a yG r s et (x - y) J s (y) 



Similarly 



m 



out) 



x m 



0) = -2 y d d yG:(x-y)J s (y) 



(A.17) 



(A.18) 



where G = G re t — G a d v - Note ( |A.18| ) is precisely the classical radiation field. Finally 



(out,O|0 s (x)|in,O) = 
where G F denotes the Feynmann propagator. 



2 J d d yGf(x-y)J s (y) 



(A.19) 



25 



Appendix B. Field theory model 



In this appendix we consider Sen's effective field model [pT| , |2"6| 

S = ~ J dtV(T)\ / l-f 2 = J dtL(t) (B.l) 

for the rolling tachyon. Without loss of generality we will consider the DO-brane theory 
and take V(T) = Mq/(T) with Mq the DO-brane mass. Note that the tachyon field T 
used here is not the same as that used in elsewhere in this paper but differs by a field 
redefinition. We will "derive" the tachyon potential V(T) by matching time-dependent 
solutions of (p.l|) to the half-brane solution discussed in the main text. 
The equation of motion following from (jB.l|) is 



V 2 

i - & • < B - 2 > 

where E is the conserved energy and the Lagrangian evaluated on the solution is given by 

V 7 



L = -VVl-f 2 = . (B.3) 

E 

On general grounds we can identify the on-shell value of —L(t) with the partition function 
on the disk, Mop(t). For the half-brane, E = Mq and we find 

sinh 2 ^ = Ae*, (B.4) 



and 



f(T) = . (B.5) 

COSfl-j 



We note that this potential was also recently used in [|2),^3j. 

With ( p.5| ) we now would like to find the solution to ( p.2|) for general E 



q 2 M 



cosh 2 -^ ' E 



(B.6) 



When q > 1, there is a turning point cosh-^ = q at which t = 0. Using time translational 
symmetry we can set this point to be at t = 0. On the other hand when q < 1, the tachyon 
can climb to the top of the potential and we will set this point to be t = 0. 
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Equation (|B.6|) can be integrated with the above boundary conditions yielding 

q > 1 
q < 1 



sinh— 
2 



a cosh | , 



(B.7) 



a sinh 



2 ' 



One thus finds 



—L 



E 



Mn 



1 



+ 



1 



1 + ce* 1 + ce 



- 1 



-E l+a 2 cosh 2 : 



Ml 



with 



c = 



(<z-i) ; 



9 + 1 



-E l+a 2 sinh 



< 1 . 



TT 



<? > 1 

q < 1 



fB. 



(B.9) 



( |B.8| ) is precisely the full-brane profile. Remarkably, despite its non-linear form, this 
effective action admits the general marginal tachyon deformation, constructed as a linear 
combination of a half-brane and time reversed half-brane, as a solution to its equation of 



motion. The A 



(c = 1) case, where the boundary state vanishes, corresponds in these 



variables to T = oo, i.e. the tachyon is sitting at the closed string vacuum. Note that while 
as a function of t ( |B.8| ) reproduces the string theory result, the relation ( |B.9| ) between c 
and energy E is different from that in string theory except for the half brane limitB. 

The potential (|B.5| ) is symmetric under T — > —T and is bounded below everywhere. 
Hence it only decribes the well behaved half of the potential in Bosonic string theory but it 
also can be thought of as a model for non-BPS branes in superstring theory. Our analysis 
before carries over trivially to superstring case by a scaling T — > y/2T, t — > y/2t, e.g. we 
have 

1 



/CO 



cosh^ 



;b.io) 



In other words, to apply equations ( [B.4| )-( [B~9"D to the superstring case, we should set 
a' = 2. When expanding the action ( [B.l|) around T = using ([B.10|) , we find m 2 = 
precisely that of the open string tachyon on a non-BPS brane. 



l 

2' 



7 That effective field theory of the form ( |B.l[) cannot reproduce the precise form of the stress 
tensor for the full-brane derived from string theory was pointed out earlier in || (see also p8[ ). 
This appears to suggest that higher derivative terms might be contributing to the effective action. 
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B.l. Static solitons 



We now show the action, when including some spatial directions, also contain static 
solitonic solutions which have the correct D-brane tension. 

Solitonic solutions to ( P-l|) can be obtained by taking analytic continuation t = —ix 



of the q > 1 solution ( p3.7|) , 

T x 

sinh — =acos— . (B.ll) 
2 2 K J 

In the case of D-string, the above solutions correspond to a periodic array of kinks and 

anti- kinks sitting at x = (2m + l)?[,m e Z. Asa-^oo, the size of the kink becomes 

infinitely thin and sharply localized. 

The mass of the kink (or anti-kink) can be obtained by integration an half period (2n) 

of x, we find that 

r.27T 

M 



/ dxV(T) y/l + T' 2 = 2nM . (B.12) 
Jo 



Note that this is independent of q. Alternatively one can imagine for ( |B.1| ) a single soliton 
is a configuration with (see e.g. p7| , p8| ) 



This again has total energy 



-oo *<0 (B13) 
+oo x > v ' 



E = M I = = 2ttM (B.14) 

cosh 2" 



where we have approximated vT-j- T' 2 ~ T' . From (B.12|) we see that the deformation 
from the original D-string configuration at T — to the periodic array of kink-anti-kinks 
does not cost energy, i.e. it corresponds to a marginal deformation. Note the ratio of 
tensions matches precisely to that between D-string and DO-brane given by string theory. 
In the superstring theory we have an extra v^2 in the ratios of tensions due to the scaling 
mentioned before. 

B.2. Coupling to closed string modes 

Now we couple the above tachyon system to a set of closed string free fields propagating 
in the bulk 

S tot = \s Q [T{t)\ + J dtj(t)(f>(t, x = 0)-^J d d xdt ((d<p) 2 + mV) • (B.15) 
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In section two we showed that the couplings of physical closed string modes to the D-brane 
are essentially given by the one-point function of the unit operator in the bulk, i.e. p(t) 
in (|2.5|) -(|2~7|). This motivates us to identify j(t) with L[T(t)]. Note that we have made 
explicit a small parameter e oc g in the action and there is no other dependence on e in 
L[T]. Thus the equations of motion become 

91 {l + eK) = ±(™(l + eK)) , (B.16) 



<9T(Tr ' dt\df 

with 

K = Jdt' G ret (t, 0; 0) L(T(t')) , (B.17) 

where G ret is the sum of the retarded propagator for all closed string modes. Multiplying 
T to both sides of (|B.16j ) we find that 



| W l+ £ /r)) = - £ L§ , (B.18) 

where H correspond to the Hamiltonian of So . Note that the energy going into the radiation 
is given by 

Erad = J dtdt' L(t) d t G ret (t, 0; t\ 0) L(T(t')) . (B.19) 
When integrating ( |B.18| ) over time we get the modified energy conservation law including 



the part going into the radiation. 



Appendix C. Brane deformation due to closed string backgrounds 

In this appendix we will discuss a very simple example of the problem of finding the 
deformation of a boundary state due to a closed string deformation of the background. 

Let us start with a flat spacetime. Let us consider a D-brane in the 01 directions. Let 
us now deform the background by deforming the metric by 

ds 2 = ds) lat + e{dx\ - dx 2 3 y k ** +k ^ , (C.l) 

where e < 1. The deformation grows for large x^, but since the brane is localized near X4, 
this is not important for our problem. We view ( |C.1|) simply as the leading term for the 
expansion of the metric around £4. 
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This deformation will translate into the insertion of the vertex operator 

0{z, z) = l —e{dX 1 dX l - dX 3 dX 3 )e lkX2+kX4 (C.2) 



na 

The operator product expansion as z — > z will be of the form 

0(z,z)~^-V 1 + --- , (C.3) 
where the ellipsis indicate operators with other conformal weights and 

Vi = -a e ik + k . (C.4) 



na' na' 

According to the arguments given in the text the boundary deformation should obey 

(L - 1)V B = V! . (C.5) 

This motivates us to look for solutions of the form 

V B = Y 2 {X\X 1 )^^ +Y \X°,X 1 )^^ (C.6) 
na na 

where (|C.5| ) implies 

(-d 2 + d 2 )Y 2 = leik , (-d 2 + d 2 )Y* = \ek . (C.7) 

Note that Vb and V± form a "logarithmic" pair [p9| , ^0| . |41}1 . (The fact that we get a complex 
answer in (|C.7| ) is due to the fact that we took a complex metric in (|C.1|) , taking a real 
metric we get a real answer.) 

Let us now compare with the results we would compute using the Born Infeld action. 
The action can be expanded to lowest order in small fluctuations Y 2 , Y 4 about X m = as 

S = -T J dx°dx 1 ^ = -T j dx°dx l (l + ^(dY 2 ) 2 + ^(dY 4 ) 2 + ^Sgi^J ■ (C.8) 

The equations of motion for this action become flC.7|) once we use ( |C.1|) for the expression 
for 5gu = ee lkY +kY . We see that indeed the general CFT computation agrees with 
the answer we expect based on the Born Infeld action. Note that since the (|C.1| ) is 
independent of x°, x l the solutions of ( |U.7|) will grow at infinity. This is in agreement with 
the expectation that logarithmic divergences in CFT are cancelled by a change in the long 
distance boundary conditions for the configuration. 

It should be noted that if we give the metric deformation some momentum along the 
brane. Then the operators in the OPE will not generally have dimension one. It is not 
clear if we need to deform the boundary state in this case since we do not get a logarithmic 
divergence. From the Born Infeld point of view we would expect that we need to change 
the boundary state. 

This discussion is closely related to the discussions of brane recoil in P^ , pf3| , pPl}| . 
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